Abstract. In this paper we give an infinite class of finite simple right Bol loops of exponent 2. The right multiplication group of these loops is an extension of an elementary Abelian 2-group by S 5 . The construction uses the description of the structure of such loops given by M. Aschbacher (2005) . These results answer some questions of M. Aschbacher.
Introduction
The set Q endowed with a binary operation x · y = xy is a loop if it has a unit element 1 and the equation xy = z has a unique solution whenever two of the three unknowns are given. The 
loop Q is a (right) Bol loop if the identity ((xy)z)y = x(y(zy))
holds for all x, y, z ∈ Q. Bol loops of exponent 2 play an important role in the theory of loops and are related to interesting group theoretical problems. Using the socalled Baer correspondence, this class of loops can be described by a triple (G, H, K) with group G, core-free subgroup H ≤ G and system of coset representatives K ⊆ G such that 1 ∈ K, G = K and K \{1} is a union of conjugacy classes of involutions.
Bol loops of exponent 2 which are not elementary Abelian groups have long been known to exist; the first construction is due to R. P. Burn [7] . Later, many infinite classes of such loops were given; see [11, 12, 13, 16] . All of these examples were solvable loops; equivalently the group G was a 2-group. The existence of nonsolvable finite Bol loops of exponent 2 was considered as one of the main open problem in the theory of loops and quasigroups. As the smallest such loop must be simple, this question was related to the existence of finite simple proper right Bol loops. Here by proper we mean right Bol loops which are not Moufang, that is, which do not satisfy the identity x(yx) = (xy)x. Finite simple proper Bol loops were constructed by the author [17] recently.
By [15] , the solvability of a Bol loop of 2-power exponent is equivalent to having 2-power order. Later, S. Heiss [9] showed that the solvability of the loop corresponding to the triple (G, H, K) is equivalent to the solvability of the group G. The next major step was the paper [3] by M. Aschbacher. His main result gives a detailed description on the structure of the right multiplication group of minimal nonsolvable Bol loops of exponent 2. This result was achieved by using the classification of finite simple groups.
In this paper we apply Aschbacher's recipe to construct a class of finite simple Bol loops of exponent 2. In this way, we give a negative answer to questions 2 and 3 of [3] and [4] . The smallest member of our class has order 96. We emphasize that this example is small and the structural description of the smallest example in [3] and [4] is so precise that it was only a matter of time until somebody found it by some short computer calculation. This explains the fact that this loop was indepently discovered by the author and by B. Baumeister and A. Stein [5] with a time delay of 10 days.
Basic concepts
In order to make this paper self-contained, we define the basic loop theoretical concepts. Subloops, homomorphisms and normal subloops can be defined for the class of loops similarly to groups; see [6] . The loop Q is said to be simple if it has no proper normal subloops.
For a loop Q, the maps L a , R a : Q → Q, L a (x) = ax, R a (x) = xa are the left and right multiplication maps of Q. They are bijections of Q and generate the left and right multiplication groups of Q, respectively. The section S(Q) of the loop Q is the set of the right multiplication maps of Q.
The right Bol identity can equivalently be expressed by R x R y R x ∈ S(Q) for all x, y ∈ Q. Bol loops are power-associative; that is, x n is well defined for all x ∈ Q and n ∈ Z. The order of the element x is the smallest positive integer n such that x n = 1. The exponent of Q is the smallest positive integer n such that x n = 1 for each x ∈ Q.
We will formulate our results by using the Baer correspondence between the class of loops and the class of triples (G, H, K) where G is a group, H ≤ G and K is a set of coset representatives of all conjugates H g in G, and 1 ∈ K. For a given loop Q, G can be chosen to be the right multiplication group, H the stabilizer of the unit element and K the set of right multiplication maps. Conversely, for a given triple (G, H, K), a loop can be constructed in the following way. We define the operation x • y on K by H(x • y) = Hxy; then Q = (K, •) is a loop. The triple satisfying the above condition will be said to be a loop folder.
The loop folder (G, H, K) determines a Bol loop of exponent 2 if and only if K = {1} ∪ i∈I C i , where the C i 's are conjugacy classes of involutions in G.
The first construction
As usual, S 5 and P GL (2, 5) are the permutation groups acting on 5 and 6 points, respectively. It is well known that
by a field automorphism of order 2, and O − 4 (2) is the orthogonal group on a 4-dimensional orthogonal space over F 2 of Witt index 1. We denote by F 20 the affine linear group acting on F 5 , F 20 ∼ = C 5 C 4 . On the one hand, F 20 is the Borel subgroup of P GL (2, 5) , that is, the stabilizer of a projective point. On the other hand, F 20 ≤ S 5 is a sharply 2-transitive permutation group on 5 points.
In the sequel, we define a group G which is a nonsplit extension of the elementary Abelian group of order 32 by S 5 such that the transpositions of S 5 lift to involutions in G and the even involutions of S 5 lift to elements of order 4. Despite the relatively small order of G, we found no simple description for this group; therefore our definion will be rather ad hoc, as well. We start with two technical lemmas. 
c . This latter implies (ab) 
This means that d and cd normalize
Proof. We leave the straightforward calculations to the reader.
Lemma 3.3. The group G = c, d given in Lemma 3.2 satisfies
G has an elementary Abelian normal subgroup J of order 32 such that G/J ∼ = P GL (2, 5) and J is the F 2 -permutation module modulo its center.
Proof. We claim that the conjugacy class of
To see that d acts on X, we need to show that d centralizes u 6 :
. This not only shows that X is a conjugacy class in G, but we also have the action of G on X. Indeed, one shows by straightforward calculation thatc = (12)(34)(56) andd = (2345) satisfy the relations of S 5 from Lemma 3.1. Since the action of S 5 on 6 points is unique, we have G/C G (X) ∼ = P GL (2, 5) .
As
This means that J = X is an elementary Abelian 2-group and |J| = 32 by u 1 · · · u 6 = 1. Using the presentation of 2.S 5 from Lemma 3.1,
In the sequel, G will denote a group satisfying (*). We would like to make clear that it can be shown using the computer algebra system GAP [8] that the group given in Lemma 3.2 is the unique group with this property. However, we hope that this more general approach will help in future generalization of the constructions of this paper.
Among other properties, we show in the next lemma that for our group G, G = [G, G] is a perfect group. Actually, we found G by using the library of perfect groups in the computer algebra system GAP [8] and constructed G as a split extension of G by an outer automorphism of order 2.
Lemma 3.4. Let G be a group satisfying (*) and define
(ii) G\J contains a unique class c G of involutions, and |c
Proof. (i) Let V be the permutation F 2 -module of P GL(2, 5) with basis {u 1 ,. . . ,u 6 }. Due to the 2-transitivity, the orbit of the element u 1 + u 2 consists of the elements u i +u j , i = j, which are different modulo the center u 1 +. . .+u 6 of V . Hence both P GL (2, 5) and P SL(2, 5) act transitively on the nonidentity elements of
(ii) Since G splits over G = G J, we can take an involution c from G \ G ; the image of c in G/J ∼ = S 5 is a transposition. As J is the permutation module modulo its center, dim F 2 (C J 0 (c)) = 2 and dim F 2 (C J (c)) = 3. It is easy to check that 2.S 5 ∼ = G/J 0 contains 20 noncentral involutions and they are all conjugate.
Let c be another involution in G \ J; we want to show that c, c are conjugate. For some g ∈ G, (cJ 0 ) gJ 0 = c J 0 ; that is, c g ∈ c J 0 . Hence we can assume c ∈ c J 0 , c = cj with j ∈ J 0 . The element cj has order 2 if and only if j ∈ C J 0 (c). On the one hand, c J 0 ⊆ cC J 0 (c). On the other hand,
This
(iii) P acts fixed point free on the involutions of J 0 ; thus, N J 0 (P ) = 1. Moreover, 5 |J| − 1; hence P centralizes a unique element a ∈ J. Let U be a preimage of The following proposition will apply in all of our examples of Bol loop folders of exponent 2. We hope that it will also apply in future constructions not considered here. Recall that O 2 (G) is the largest normal 2-subgroup of G. 
Next by (a) and (c),
so |G : H| = |K|. We claim xy ∈ H for distinct x, y ∈ K. If so, as |G : H| = |K|, K is a set of coset representatives for H in G. Then as K is G-invariant and K \ {1} consists of involutions, (G, H, K) is a Bol loop folder of exponent 2.
If x, y ∈ J, then x, y ∈ K 0 , so xy ∈ H by (a). Next K
Thus we may take x, y ∈ K 1 and xy ∈ H. Now as K Since H + ∼ = F 20 has no element of order 3, we get (xy) 2 ∈ J. In particular, D = x, y is a 2-group. Let z be the unique involution in xy . By xy ∈ L and (e), z ∈ H ∩ J. Moreover, x, y commute with z, which contradicts (d).
Remark. The fact that (e) is necessary can be seen from the counterexample G = S 5 J. Theorem 3.6. Assume G is a group satisfying condition (*) of Lemma 3.3. Let J 0 be the minimal normal subgroup of G and put Remark. The Bol loop folder (G, H, K) of Theorem 3.6 was discovered independently by B. Baumeister and A. Stein [5] (Free University of Berlin), as well.
S 5 -modules over F 2
In this section we collect some useful facts about kS 5 -modules, where k is a field of characteristic 2. We observe that these S 5 -modules can immediately be constructed using the Steinberg Tensor Product Theorem [18, Theorem 13.1], as well.
We will now construct an S 5 -module U which will play a central role in the generalization of our first construction of a Bol loop of exponent 2.
Let U = U 1 ⊕ U 2 be the direct sum of two copies of N as an F 2 A 5 -module. As U i is an orthogonal space, we can regard U as an orthogonal space which is the orthogonal direct sum of the two nondegenerate subspaces U 1 and U 2 . The stabilizer
and τ is an involution interchanging U 1 , U 2 . Thus B is the wreath product of S 5 with C 2 . In particular, the elements τ and (g 1 , g 2 
Then tτ = τ t and the action of t on U is
where c ∈ S 5 is the transposition corresponding to t 0 . It is immediate that 
We can now apply [2, (27.14) ] to obtain (i) and (iii). Part (ii) follows from (i). Finally, (iv) holds since T i and W are D 1 -isomorphic and W is the permutation module modulo the center.
In the next lemma, we keep using the above notation. 
Define the elementc ∈ B byc
Thenc commutes with b and τc = t. Put E 1 = t, b ; clearly Ec 1 = τ, b . On the one hand, we have
We show on the other hand that dim F 2 (C W (E 1 )) ≥ 2. Indeed, the S 5 -modules W and N are isomorphic and dim(C W (t)) = dim(C N (t
(ii) We have seen that S i is the set of singular points in U i for i = 1, 2. The action of D 1 ∼ = F 20 on S i is its natural 2-transitive action on 5 points. Here D 1 ∩L contains precisely 5 involutions and each member of S i is fixed by exactly one involution of D 1 ∩ L. Moreover, each member of T 1 is fixed by some involution of D 1 .
We have to show that for distinct x, y ∈ S, x + y ∈ T 1 ; then S is a complement to T 1 by an order argument. Assume x + y ∈ T 1 and denote by a an involution of D 1 fixing x + y. Then x, y are the projections of x + y on S i , S j , so a fixes the projections x and y. As T 1 ∩ U i = 0 for 0 ≤ i ≤ 2, x ∈ S i and y ∈ S j for some i = j. If x ∈ S 1 and y ∈ S 2 , then x and y are the unique fixed points of a in S 1 , S 2 . By aτ = τ a, xτ = y holds, and hence
Thus we may take x ∈ S 0 and y ∈ S 1 . Then x = x 1 + x 2 with x i = S i , and as x ∈ S 0 , x 2 = x 1 τ with x i ∈ S i . Now, x i is the unique fixed point of a in S i and y the unique fixed point of a in S 1 , so y = x 1 and x + y = x 1 + x 2 + y = x 2 ∈ T 1 ∩ U 2 = 0, a contradiction.
5. An infinite family of simple Bol loops of exponent 2
In this section, G denotes a group satisfying condition (*) of Lemma 3.3, H is the normalizer of a 5-Sylow P of G, and c is an involution from G \ [G, G]J. The S 5 -modules N and U are defined as in Section 4. Also U = U 1 ⊕U 2 = T 1 ⊕T 2 where U 1 , U 2 are A 5 -submodules and T 1 , T 2 are F 20 -submodules. Moreover, U 1 , U 2 , T 1 , T 2 are different from the unique S 5 -submodule W of U . All these subspaces are irreducible F 2 P -modules, which implies U i ∩ T j = 0.
Let us fix a positive integer k and put
Clearly, W is an S 5 -submodule and U = U 1 ⊕ U 2 = T 1 ⊕ T 2 . We write G = G U where J G acts trivially on the S 5 -module U . Moreover,
We will consider the elementary Abelian subgroup J of G as an S 5 -module over the field F 2 . In particular, with some abuse of notation, we will denote the group operation on J additively and write J = J + U , etc. It is easy to see that 
